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Stabilization of Neutral Thin Shells By Gravitational Effects From Electric Fields
Eduardo I. Guendelman∗ and Idan Shilon†
Physics Department, Ben-Gurion University of the Negev, Beer-Sheva 84105, Israel
We study the properties of a system consisting of an uncharged spherically symmetric two dimen-
sional extended object which encloses a stationary point charge placed in the shell’s center. We show
that there can be a static and stable configuration for the neutral shell, using only the gravitational
field of the charged source as a stabilizing mechanism. In particular, two types of shells are studied:
a dust shell and a string gas shell. The dynamical possibilities are also analyzed, including the
possibility of child universe creation.
I. INTRODUCTION
The formation of global or local topological defects,
and in particular domain walls, is known to happen dur-
ing a spontaneous symmetry breaking phase transitions,
when a nontrivial topology exists. In the cosmological
context, these objects are likely to occur in the very early
universe and therefore might have important implications
for the creation and evolution of our universe [1, 2].
Spherical solutions of domain walls are usually unsta-
ble towards collapse. However, prior studies have shown
that some modifications of the effective surface tension
(e.g radially dependent surface tension) [3, 4], as well
as considering charged bubbles [5, 6], can yield a static
and stable shell solution. However, this kind of stabi-
lization takes place even before considering gravitational
effects. Stable configurations of domain walls can give
rise to many interesting physical models (e.g models for
elementary particles). In this work we wish to explore a
different way of achieving stabilization of a two dimen-
sional extended object using the gravitational effects of a
massive charged source on an uncharged spherical shell.
Hence, the stabilization in the case presented here is in-
duced purely from gravitational effects.
In order to analyze the problem we use a very well-
known and studied classical system, known as a general
relativistic shell [7]. General relativistic shells, or bub-
bles, provide a non-trivial, gravitational system, whose
classical dynamics can be described by an intuitive set
of equations with a clear geometrical meaning. many
useful analytical results are known and numerical meth-
ods have also been employed. General relativistic shells
are a proper framework to describe vacuum bubble for-
mation and dynamics where the region over which the
transition between the interior and exterior of the shell
is very small compared to the other scales of the problem.
This approximation is usually known as the thin wall ap-
proximation, which can also be expressed in terms of the
difference between the vacuum expectation values of a
scalar field, which is different in the two regions of space-
time. Naturally, the thin layer over which the transition
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is realized can be modeled by a mathematical surface
which, on the physical side, is equipped by an effective
surface tension.
In this paper, we wish to show that obtaining a static
and stable domain walls configuration is indeed possible,
even without introducing additional mass terms. The
major result of our analysis is that the mere presence of
a global electric field (that is, an electric field which is
present on both regions of the global spacetime mani-
fold) can serve as a stabilizing mechanism for a vacuum
bubble. Here, the source of this electric field is a massive
point charge, located at the center of the vacuum bubble.
This paper is organized as follows: In section II we
briefly analyze the general electromagnetic properties of
the system. In section III we obtain the equation that
determines the dynamics of a bubble that carries an arbi-
trary matter content on its surface. We then analyze this
equations for two analytical cases: a bubble which carries
dust on its surface (i.e a dust shell) and a bubble that
carries a string gas like content. We show that dynam-
ics of the bubble in both cases have similar properties
and, in particular, that both cases can yield a stable and
static bubble configuration. In section IV we summarize
our conclusions and give prospects for future studies.
II. ANALYSIS OF THE ELECTRO-MAGNETIC
PROPERTIES
Since we have a massive and stationary point charge lo-
cated at the center of the bubble, the general metrics for
both regions of our set-up are Reissner-Nordstrom met-
rics. As the shell does not carry any charge, the charge
parameter that appears in both metrics should be equal,
leading to
ds2− = −
(
1− 2Gm
r
+ GQ
2
r2
)
dt2+
+
(
1− 2Gm
r
+ GQ
2
r2
)−1
dr2 + r2dΩ2, r < R,
ds2+ = −
(
1− 2GM
r
+ GQ
2
r2
)
dt2+
+
(
1− 2GM
r
+ GQ
2
r2
)−1
dr2 + r2dΩ2, r > R,
(1)
where G is Newton’s constant, m is the mass of the
2electric source, with charge Q, andM is the mass-energy
of the system as viewed by an external observer. The only
non-zero component of the electromagnetic tensor will be
F0r = −Fr0. Therefore, Maxwell’s equations reduce to
the single equation
∇rF 0r = 1√−g∂r
(√−gg00grrF0r) = 0, (2)
for r 6= 0. Thus, from classical electrodynamics, we
have (for each region) (
√
gg00grr)iF i0r ∝ Q, where i in-
dexes the different regions. From the latter we find that
the electric field is continuous across the shell
F0r =
Q
r2
, ∀ r. (3)
Finally, we find the energy density of the electric field
to be
T 00 = −
Q2
2r4
, ∀ r. (4)
III. DYNAMICAL ANALYSIS
Now we turn to derive the effective potential which
governs the bubble dynamics and look for at-least
one local minimum point which fulfills the condition
Veff (Rmin) = 0. From Israel’s junction conditions [7],
the bubble equation of motion is
ǫ−
√
A−(R) + R˙2− ǫ+
√
A+(R) + R˙2 =
Gm(R)
R
= κ(R),
(5)
where the ± signs indicate the exterior and the in-
terior regions of the shell, respectively, A±(R) = −g±tt ,
where we consider only spherically symmetric metrics
that satisfy the relation grrgtt = −1 (as in Eq. (1)),
m(R) = 4πR2σ(R) describes the energy-matter content
which is located on the surface of the bubble and the
coefficients ǫ± = sgn(n
µ∂µr)|M± determine if the ra-
dial coordinate r is decreasing (ǫ± = −1) or increasing
(ǫ± = +1) along the normal coordinate to the brane, n
µ.
The global manifold that we are considering here will not
contain any horizons. Thus, both coefficients, ǫ±, will be
positive. A more thorough discussion about this point
will be given below.
Let us write the equation of state for the matter on the
bubble surface as p = ωσ, where p is the two dimensional
isotropic pressure, ω is a constant and σ is the surface
energy density. Then, from conservation of energy
σ(R) = σ0R
−2(1+ω) (6)
where σ0 is a constant. For example, ω = −1 repre-
sents a constant surface tension and ω = −1/2 represents
a matter that can be interpreted as a gas of strings living
on the surface of the bubble [8, 9]. Putting Eq. (6) into
the equation of motion (5) we get
κ(R) = 4πGσ0R
−(1+2ω) = κ0R
−(1+2ω), (7)
where κ0 = 4πGσ0. Equation (5) is equivalent to the
equation of motion of a particle moving in one dimension
under the influence of an effective potential [10], of the
form R˙2 + Veff = 0. In our case, the effective equation
R˙2 + 1− κ20R−2(2ω+1)4 − G(M+m)R +
+GQ
2
R2
− G2(M−m)2
κ20
R4ω = 0,
(8)
defines the effective potential to be
Veff (R) = 1− κ
2
0R
−2(2ω+1)
4 − G(M+m)R +
+GQ
2
R2
− G2(M−m)2
κ20
R4ω.
(9)
Let us now concentrate on two specific cases that have
a clear physical meaning: ω = −1/2 and ω = 0. For
these two values of the equation of state parameter the
effective potential is tractable and can be solved in closed
form.
It is known that a gas of strings in n spatial dimensions
satisfies the equation of state p = −σ/n. Therefore, the
first case describes a gas of strings which is located on
the surface of the bubble, while the second choice corre-
sponds to dust living on the wall.
We wish to show now that in both cases the potential
can have a local minimum which satisfies Veff (Rmin) =
0, after some fine tuning. Let us begin with the stringy
gas bubble.
A. Stringy Gas Bubble
The effective potential for this kind of bubble is (ω =
−1/2)
V S.Geff (R) = 1−
κ20
4
− G(M +m)
R
+
GQ2
R2
− G
2(M −m)2
κ20R
2
.
(10)
Solving the equation V S.Geff (R) = 0, we are lead to a
polynomial equation of rank 2. By imposing the demands
that the discriminant will equal zero and that κ20 < 4, we
ensure that we will have a global minimum which satisfies
Veff (Rmin) = 0.
The discriminant of the effective potential function is
given by
∆ = G2(M +m)2 + (κ20 − 4)
(
GQ2 −G2 (M −m)
2
κ20
)
(11)
3and by demanding ∆ = 0 we arrive at the condition:
Q2 =
G(M +m)2
4− κ20
+
G(M −m)2
κ20
. (12)
The radius of curvature of the stable bubble is thus
given by
Rmin = 2G
M +m
4− κ20
, (13)
with Rmin being positive under the imposed condi-
tions.
Now we turn to ask if Rmin is located behind any hori-
zons. In principle, there might be two different horizons
in each region. But, if Q2 is bigger than GM2, then
there will be no horizons in the system (remembering
that M ≥ m, since we do not consider negative surface
tension). Comparing Eq. 12 to GM2 is equivalent to
comparing the function f1(x) and the quantity g1, where:
f1(x) = x
2 + x(κ20 − 2) + 1 (14)
g1 =
κ20
4
(4− κ20) (15)
with x = m/M being the ratio between the masses
(which is constrained 0 < x < 1).
So the condition Q2 < GM2 is now f1(x) < g1. The
minimum value of f1(x) is located at xmin = (2− κ20)/2,
when κ20 < 2, and at x = 0 when κ
2
0 > 2. Look-
ing at the minimum value of f1 we find that it satis-
fies f1(xmin) = g1. This means that f1(x) will always be
greater than g1 (i.e Q
2 > GM2) except for the case when
the ratio between the masses is fine tuned to equal pre-
cisely xmin and the surface tension is small enough (i.e
κ20 < 2). This limiting case means that there would be
two degenerate horizons (i.e an extremal black hole like
object). When x 6= xmin, we have a naked singularity
at r = 0, since this corresponds to Q2 > GM2. When
m = (1 − κ20/2)M (i.e x = xmin), the bubble would sit
exactly on the degenerate horizon (i.e Rmin = GM) and
therefore it would be a light-like brane. However, we con-
sider here only a timelike motion for the brane and this
particular case is merely a miscellaneous limiting situa-
tion.
The above result is actually an example of the more
general relation between the effective potential and the
metric coefficients which states that A±(R)− Veff (R) ≥
0. Thus, when the effective potential is definite positive,
as in the cases studied here, the geometriesM± can not
contain any horizons. A proof for this relation is given
in Ref. [11].
B. Dust Shell
For the case of ω = 0, the effective potential for this
case is
Veff (R)
R
lim
R→∞
Veff (R)
Rmin
FIG. 1: The general characteristics of Veff (R) (continuos
line). This graph corresponds to both cases analyzed here:
ω = −1/2 and ω = 0, which show similar characteristics of
the effective potential. The dashed line corresponds to the
limit of Veff (R) at R → ∞: 1 − κ
2
0/4 in the ω = −1/2 case
and 1− (G(M −m)/κ0)
2 in the ω = 0 case.
V DUSTeff (R) = 1−
κ20
4R2
−G(M +m)
R
+
GQ2
R2
−G
2(M −m)2
κ20
.
(16)
In the same manner of section IIIA, by solving the
equation V DUSTeff (R) = 0 we encounter again a simple
quadratic equation. The conditions for having a stable
solution now are (note the different units of κ0 in this
case) G2(M −m)2 < κ20 < 4GQ2 and
∆ = G2(M+m)2+(κ20−4GQ2)
(
1− G
2(M −m)2
κ20
)
= 0.
(17)
The latter can, again, be written as a constraint on the
charge:
Q2 =
κ20
4G
4G2Mm+ κ20
κ20 −G2(M −m)2
(18)
The radius of curvature for the stable bubble is now
given by
Rmin =
1
2
G(M +m)κ20
κ20 −G2(M −m)2
, (19)
which is, again, positive under the imposed conditions.
Looking for the location of Rmin relative to the hori-
zons, we continue in analogy to the prior case, where now
f2(x) = G
3M4(1− x)2 +GM2κ20x (20)
g2 = κ
2
0
(
GM2 − κ
2
0
4G
)
. (21)
4f2(x) has one minimum at xmin = 1 − κ
2
0
2(GM)2 , when
κ20 < 2(GM)
2, and at x = 0 when κ20 > 2(GM)
2. It can
be easily verified that f2(xmin) = g2. The conclusions
are the same as before: there will be no horizons unless
κ20 < 2(GM)
2 and x = xmin, where the latter means that
the two horizons are degenerate and located at R = GM ,
exactly where the bubble would sit. Again, this demon-
strates the more general relation A±(R) − Veff (R) ≥ 0
[11].
C. Dynamical Solutions
Here we would like to address the question: what hap-
pens to the two types of bubbles we have considered
earlier, if the conditions for time independence are not
satisfied? Obviously, one option is that no dynamics is
possible (when ∆ < 0). The other option is that the ef-
fective potential will be negative in some region, which
will allow a kinetic energy for the shell. Here we have
two cases: a finite or an infinite region where Veff < 0.
The first case (finite region) corresponds to bounded so-
lutions, or a ’breathing’ bubble [12], where the bubble
starts off at some radius, expands to a maximum radius
value and then shrinks back to the initial radius. On
the other hand, the second case corresponds to a bubble
which begins with a finite radius and then expands to an
infinite size.
The question is where to the bubble expands? In other
words, does it blow up and ’eat’ the surrounding manifold
or could it have a way of expanding without replacing
its surroundings? [13]. Peculiar as it may sound, due
to the structure of the spacetime manifold, the second
option is indeed possible. When wormholes are present,
the bubble can make its way and expand to infinity by
creating its own space completely disconnected from the
original spacetime. This solution is usually referred to a
’child universe’.
In order to determine if wormholes might be present in
the solution we need to calculate the extrinsic curvature
tensor induced on the shell. This was done, of course, in
Eq. (5). For spherically symmetric metrics the relevant
component of the extrinsic curvature is Kθθ ∝ ∂gθθ/∂n
so that the coefficients ǫ± determine the behavior of the
radial coordinate in the direction orthogonal to the tra-
jectory of the bubble, hence allowing us to determine the
existence of wormholes. Calculating the signs of these co-
efficients for the two types of bubbles we are considering,
we find that for the string gas bubble
sgn(ǫ+) = sgn
(
2G(M −m)
R
− κ20
)
, (22)
sgn(ǫ−) = +1 (23)
and therefore the extrinsic curvature induced on the
shell from the exterior changes sign at larger R values.
This is a generic characteristic for the presence of worm-
holes since when ǫ+ is negative the normal coordinate to
the brane, which points from the bubble interior to its
exterior, is pointing along a direction for which the ra-
dial coordinate is actually decreasing rather than, as in
the more familiar possibility of non wormhole geometry,
increasing. Thus, we conclude that there is a possibility
for the bubble to expand to infinity disconnected from
the original spacetime (i.e a child universe solution [13]).
For the dust shell case, the trajectory constants signs
read
sgn(ǫ+) = sgn
(
2G(M −m)
R
− κ
2
0
R2
)
, (24)
sgn(ǫ−) = +1, (25)
so in the limit R → ∞ we see that ǫ+ is positive,
indicating that the normal to the brane does not point
to a direction in which the radial coordinate decreases.
Hence, there is no child universe formation [13].
These issues will be studied in more detail in a future
publication.
IV. CONCLUSIONS
To conclude, the electric charge causes a gravitational
repulsive effect which balances the natural tendency of
two dimensional extended objects to collapse and thus
yields a static and stable shell configuration, even though
the latter carries zero charge and does not interact di-
rectly with electric fields.
We note that in the limiting case where the charge pa-
rameter of the interior and exterior solutions is zero our
results coincide with those presented by Kijowski, Magli
and Malafarina [14], where they reviewed the dynam-
ics of spherical timelike shells by matching two different
Schwarzschild spacetimes and also analyzing the canoni-
cal formulation of such systems.
In a future research we will study the semi-classical
quantization of the bounded excitations of the string gas
shell, where the structure of the effective potential , which
contains a flat region as r → ∞ (independent of the
mass), we see that there is the possibility of ’ionization’
which could be responsible for a dynamical creation of a
universe, since for bigger radii the solutions will approach
those studied in references [15, 16], which represent child
universe creation.
In contrast, for the case of a dust shell, the ionization
does not produce a child universe, but instead it is simply
an ’expansion’ where the dust shell achieves the critical
’escape velocity’ necessary to expand to infinity in the
existing space, i.e not creating a new space of its own (a
child universe).
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